
Cagley's T h e o r e m a n d

S o f i e Groups

I d e a : W e ' d l ine t o regard a l l

f in i te groups a s subgroups

o f "nicer" groups . for

e x amp l e , w e could a s k

f o r a l l groups
t o b e

subgroups o f I n for s ome n ,

b u t t h e f a c t t h a t I n i s

a b e l i a n prohibits t h i s .



theorem: ( (ay les ) L e t 6 be a

f i n i t e g r o u p .
T h e n F

N E I N s u c h t h a t G i s

isomorphic t o a subgroup

o f S n .

proof: reca l l t h a t 5 , i s merely

a l l b i j ec t i ons o n a n
n - e l emen t

s e t . S e t o ¥ .
W e regard 6 a s permutations

o n
i t s e l f v i a l e f t

multiplication :



The injective homomorphism f rom

G t o S, o , w i l l be

¥ L x ,
where

t y E G ,

L x ( y ) = x . y .

Let's check t h a t C l i s a n

i n j e c t i v e
homomorphism!

µ injective'. Suppose

a n = @le t

f o r s o m e X , Z E G .



T h e n choosing y = e ,

× = x e = ↳ le):@late)--agile)

= Lyle)
= y - e

= y

⇒ X = y , and p i s injective.

Cl i s a homomorphism

I f × , z E G . T h e n t y E G ,

6 ( x z ) ( y ) = L×z Y

= @ A y

= x . (Fy)



= x . Lzly)

= ↳ (↳ (y))

=@tho@(z)) (y) ✓

T h e proof i s complete b y simply

providing a n identification o f G

w i t h { 1 , 2 , - - , 161) .

fo r example, l abe l t he group e l e m e n t s

{ 4 1 , 4 2 , . -

,
X i a } = 6

map X i → i t I E i E l a .

D



Except:(12g) s e t

[ o ) = I

[ 1 ) ' - 2

[2) = 3

[33=4
i n t h e identification.

C lear ly Leo, i s t h e identity

permutation.

S ince TL, i s c y c l i c , w e

o n l y n e e d t o s e e
w h a t Lang

d o e s .



La, ( C o l ) : ( D t
G ) = [ i ]

La, (ED) : [DTED:[a]

Lag ((231=63+(23--13)

Lag ((317=93433:[o)

s o u n d e r t h e i d e n t i f i c a t i o n ,

[ [ y i s t h e permutation

( 1 2 3 4 ) .

(gap: (12341/1234)=(131/24)



433 = (1432)

Note ' . (4321) : (1432)

s o 124 i s isomorphic t o

{ ( I 2 3 4 ) )

u n d e r t h i s identification .



Everything i s Mat r i ces

T o complete t h e picture, w e

c a n n o w regard e v e r y f i n i te

group a s a subg roup o f

G L , ( I R ) fo r s o m e n e 1N

s imp l y b y identifying 5h

a s a subgroup I f 6 E I N .

w r i t e { e ye s , . . . , e n } fo r

the standard b a s i s o f IR '
.

I f O E S n , define

6 1 0 ) E Glen ( I R ) ,



6 1 0 ) ({aiei)
÷

= {aierci)
i n

As a m a t r i x , t h i s i s

[Co
ca,

C o c a ) . ' '
Eoi
n,]



T h e n Cl w i l l b e a n injective

homomorph ism f rom S n i n t o

Glen ( I R ) !



So f i e Groups

(Gro m o v , 1999)

Length function o n S n leg, i s defined by

b . ( o ) : ¥ ¥ i } /
s o l a c e ) = O

es, l o ) = L
i f 0 i s a n

n - c y c l e .



Definition: (sofic group) A countable

d isc re te group 6 i s sa id

t o b e s o f i c i f f o r

e v e r y f i n i t e s u b s e t F

o f G a n d f o r a l l { 7 0 ,

there e x i s t s n E I N and

fn: G - 7 5 , n o t necessarily

a
homomorphism s u c h t h a t

f l e a ) = C s , and

I ) tsn ( f l a g )
fnly)-'£65')LE

t x , y
E F

(on F , f , i s
"almost" a

homomorphism)



2 ) I lsalacxs) - l /L E

t f x E F 1 6 3

( f , i s n o t t h e t r i v i a l

homomorphism)



Obse r va t i o n s :

-

1 ) Finite g r o u p s a r e a l l S o f i e .

2 ) 2 i s s o f i e

3 ) T h e discrete Heisenberg

g r o u p G ,

G:{[bib I a . biota}
0 0 1

i s thought t o n o t b e

So f i a .



2 ) 2

A s o f t h i s w r i t i n g , w h e t h e r

t h e re i s a non-so f i c countable

d i s c re t e g ro up i s a n open

problem!


